The present study focuses on proving the existence of coincidence points for self-mappings satisfying a generalized contractive condition within the framework of convex metric spaces. The existence of common fixed points for weakly compatible self-mappings as well as Banach operator pairs under certain generalized contractions in a convex metric space is also established. MSC: 47H09; 47H10; 47H19; 54H25
Introduction and preliminaries
In , Takahashi [] introduced the notion of convexity in metric spaces and proved that all normed spaces and their convex subsets are convex metric spaces. He also gave some examples of the convex metric spaces which are not embedded in any normed/Banach spaces. Afterward Guay In this paper, we introduce (α, β, γ , η)-generalized contraction pairs and study the existence of a coincidence point for such pairs in a convex metric space under certain conditions (see Theorem .). Consequently, we prove the existence of a common fixed point for weakly compatible mappings and also Banach operator pairs which are (α, β, γ , η)-generalized contraction pairs (see Theorem . and Theorem .).
We now review notations and definitions needed. We denote by N and R the set of natural numbers and the set of real numbers, respectively. We also denote by I the identity mapping. In what follows, (X, d) is a metric space, and C is a nonempty subset of X. Definition . Let S and T be two self-mappings of C. A point x of C is called (i) a fixed point of T if Tx = x, (ii) a common fixed point of the pair (S, T) if Sx = Tx = x, and (iii) a coincidence point of the pair (S, T) if Sx = Tx. The set of fixed points of T is denoted by F(T). The set of common fixed points (respectively, coincidence points) of the pair (S, T) is denoted by F(S, T) (respectively, C(S, T)).
Note that C(I, T) = F(T).
Definition . Let S and T be two self-mappings of C. The mapping T is called ©2014 Moosaei; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.fixedpointtheoryandapplications.com/content/2014/1/98 It is well known that commuting mappings are weakly commuting, and weakly commuting mappings are R-weakly mappings. Moreover, R-weakly mappings are compatible, and compatible mappings are weakly compatible.
The following example shows that the converses of the above results are not true in general.
Example . Let X = R with the usual metric d(x, y) = |x -y| for all x, y ∈ X, we have:
for all x ∈ C. It is trivial that S and T are weakly commuting but are not commuting. 
So the mappings S and T are not compatible. It is easy to see that S and T are weakly compatible.
Definition . Let C be a nonempty subset of a metric space (X, d), and let S and T be self-mappings of C. The ordered pair (S, T) is called a Banach operator pair if the set F(T) is S-invariant, namely S(F(T)) ⊆ F(T) (see []).
It is easy to see that if the mappings S and T are commuting, then the pair (S, T) is a Banach operator pair, but the converse is not true in general (see Example (ii) of []).
If (S, T) is a Banach operator pair, then (T, S) need not be a Banach operator pair (see [, ]).
Definition . Let S and T be two self-mappings of a nonempty subset C of a metric
We call the ordered pair (S, T) is an (α, β, γ , η)-generalized contraction pair if the following inequality holds: 
Main results
In this section the existence of a coincidence point for (α, β, γ , η)-generalized contraction pairs is established. We also give some common fixed point theorems for weakly commuting pairs as well as Banach operator pairs in a convex metric space which are (α, β, γ , η)-generalized contraction pairs. In what follows, X denotes a convex metric space with the metric d and the convex structure W .
The following lemma is a key result to prove Theorem ..
for all x, y ∈ X.
The following theorem is our main result and plays an important role to prove the next results. http://www.fixedpointtheoryandapplications.com/content/2014/1/98 for all x, y ∈ C, where α, β, γ , η ∈ R,
Theorem . Let C be a nonempty subset of a convex metric space X, and let S and T be two self-mappings of C such that S(C) is convex complete and T(C) ⊆ S(C). If (S, T) is an
Let x  be an arbitrary point of C. Since S(C) is convex, we can inductively define a sequence
By Lemma . and (.), we have
for all n ∈ N. Now by substituting x with x n- , and y with x n in (.), we get
for all n ∈ N. The assumptions imply that α is positive; hence, by the triangle inequality, (.), (.), and (.), we have
for all n ∈ N. From (.), (.), (.), and (.), we obtain
for all n ∈ N. We now claim that the following inequality holds:
for all n ∈ N. http://www.fixedpointtheoryandapplications.com/content/2014/1/98
To see this, we consider the two following cases for γ . Case . γ ≥ : By the triangle inequality and (.), we have
The inequalities (.) and (.) imply
for all n ∈ N. Case . γ < : From the triangle inequality, (.) and (.), we conclude
for all n ∈ N. By (.) and (.), we obtain
for all n ∈ N. Now inequality (.) follows from (.) and (.). The assumptions imply that  ≤ η+α-β+|γ |-γ (α+β+γ ) < . Hence, the sequence {Sx n } ∞ n= is contractive. So it is a Cauchy sequence in S(C). Since S(C) is complete, there exists p ∈ C such that lim n→∞ Sx n = Sp. The triangle inequality and (.) imply that
for all n ∈ N. It follows Tx n → Sp as n → ∞. By (.), we have
for all n ∈ N. In the above inequality letting n → ∞, we obtain
, and this completes the proof.
Corollary . Let C be a nonempty complete convex subset of a convex metric space X, and let T be a self-mapping of C. If T is an (α, β, γ , η)-generalized contraction, then T has a fixed point. Moreover, T has a unique fixed point provided that one of the three conditions:
β ≤ , γ >  or η < α + γ holds. http://www.fixedpointtheoryandapplications.com/content/2014/1/98
Proof Our assumptions imply that (I, T) is an (α, β, γ , η)-generalized contraction pair. By the preceding theorem, C(I, T) = F(T) is a nonempty set. Let p ∈ F(T).
We now show that p is unique. Let q ∈ F(T). Since T is an (α, β, γ , η)-generalized contraction, we have
for all x, y ∈ C, where α, β, γ , η ∈ R with β + γ -|γ | -α ≤ η < α + β + γ -|γ | and
It is easy to see that if β ≤ , or γ < , then α + γ < η. Therefore, we assume that α + γ < η. Since p, q ∈ F(T), from (.), we get
Since α + γ < η, the above inequality implies that d(p, q) = . Hence, p = q, and the proof is complete.
The following example shows that there exists an (α, β, γ , η)-generalized contraction pair such as (S, T) such that (T, S) is not an (α, β, γ , η)-generalized contraction pair.
Example . Let X = R with the usual metric. Suppose that x  is an arbitrary point of X, and α, γ , η ∈ R with α + γ ≤ η, and γ < . Then the following are true:
(i) It is easy to see that the inequality
holds for all x, y ∈ X. (ii) Let C = [-, ∞), and define the self-mappings S and T of C by
Set x  = , in (.). Consequently, we have
is a complete convex subset of X, and - is a coincidence point of S and T. Moreover,
Suppose β -α ≤ η < α + β + γ , β < , γ <  and α < η. Then T is an (α, β, γ , η)-generalized contraction pair, and  is a unique fixed point of T. We now show that w is unique. Suppose p is another common fixed point of S and T. According to inequality (.), we have for all x, y ∈ F(S). Now by Corollary ., the proof is complete. 
Theorem . Let C be a nonempty subset of a convex metric space X. Let S and T be two self-mappings of C such that S(C) is a complete convex subset of X, and T(C) ⊆ S(C). If (S, T) is a weakly compatible pair and an
αd(Tp, Tw) + β d(Sp, Tp) + d(Sw, Tw) + γ d(Sp, Tw) + d(Sw, Tp) ≤ ηd(Sp, Sw).
Corollary . Let C be a nonempty complete subset of a convex metric space X. Let S and T be two self-mappings of C such that S is an affine map, and F(S) is a nonempty closed subset of C. If (T, S) is a Banach operator pair, and (S, T) is an

